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Recap: FM-Index and r-Index

® based on backwards-search
® used to answer rank-queries on BWT

@ build wavelet tree directly on BWT
® wavelet tree can be Hy compressed
® blind to repetitions

® many arrays with r entries
® build wavelet tree on one of these arrays
® size in numbers of BWT runs r
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Function BackwardsSearch(P[1..n], C, rank):
s=1,e=n
fori=m,...,1do

s = C[PIi]] + rankppj(s — 1) 41

e = C[P[i]] + rankpj;(e)

if s > e then

| return(
return [s, €]
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Different Types of Compression
Statistical Coding LZ-Compression BWT-Compression
® based on frequencies of & references to previous ® ysed in powerful index
characters occurrences ® theoretical insight in this
® results in size |T| - Hk(T) ® each LZ factor can be lecture
0 k-th order empirical encoded in O(1) space
entropy ® good for repetitions
® good if frequencies are ® index in this lecture
skewed

® blind to repetitions
| T...T| - H(T...T) =
~—— ~——

¢ )
CIT| - He(T)
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LZ-Compressed Index

Definition: LZ77 Factorization [ ]

Given a text T of length n over an alphabet ¥, the ® | Z-compressed replacement for wavelet trees
LZ77 tactorization is ® rank and access queries © select also

® asetof zfactors fy, f,...,f, € ¥t such that supported

® T=fifb...fandforalli € [1,z] fis ® | Z-compression better than Hi-compression

® single character not occurringin f; ... fi_1 or
® |ongest substring occurring > 2 times in f; .. . f;

T = abababbbbaba$

.f1:a .f4:bbb
@afHh=>0H @ f; = aba
Ifgzabab .f6:$
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Block Trees [Bel+21] (1/4)

Given a text T of length n over an alphabet of size o
® 7,5 € N greater 1
® assumethatn=s- 7" forsome he N

A isa
@ perfectly balanced tree with height A
& that may have leaves at higher levels
such that
® the root has s children,
® each other inner node has 7 children
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| NNBOBOTWNNBOBIOOTBSHTFNEBOBOTWNEBOBOTWNEBOBIOOTBSHTFNSBOBOTW |

mwmwwwwwwwméwmw

[]zofeo]rf]eo]exfoo] refse]refuefzofsofrufuefeo]sofruefeo]er] - [se]re]us]ao]sofm]
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Block Trees (2/4)

| NNBOBOTWNNBOBIOOTBSHTFNEBOBOTWNEBOBOTWNEBOBIOOTBSHTFNSBOBOTW |

In a block tree, leaves at
® the last level store characters or substrings of T [wo] [wzo]
® at higher levels store special leftward pointer

] o] e e o] o] o] o] ] o]

Each node u
® represents a block BY Aﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ DME
® which is a substring of T identified by a position

The root represents T and its children consecutive
blocks of T of size n/s

[m]so] so][ ][0 sx oo e[ su] v ue]eo[ so] ] ue] soHao|mHuE|BoHax\ \anrFHusHaoHaon
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Block Trees (3/4)

|NNBOBOTWNNBOBIOOTBSHTFNEBUBOTWNEBDBOTWNEBOBIOOTBSHTFNSBOBOTW|

Let ¢, be the level (depth) of node u
® the level of the root is 0 [iso] [som] ol

Let By, Bo, . .. be the blocks represented at level ¢,
S Tenll Icllanllanl

from left to rlght ‘NNlBUHBDHT [w o] IHOOHTEHSHHTFH o] HTWHNEHBOHEO'TWHNE'BUHEI‘ ‘SHHTFHNSHBDHEOHTW‘
® for any i, B; and B, are consecutive in T Lﬂ] .

@ if B;B;1 ¢ are the leftmost occurrence in T, the
nodes representing the blocks are marked

e ) o] o) ] e ] o

BIOO| |TBSH
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Block Trees (4/4)

| NNBOBOTWNNBOBIOOTBSHTFNEBOBOTWNEBOBOTWNEBOBIOOTBSHTFNSBOBOTW |

If node u is marked, then
® it is an internal node [weo] [so] ieo]

] o] e e o] o] o] o] ] o]

L soren o i Wl
® covering the leftmost occurrence of B . (BY] = n/(sr)

& with 7 children
otherwise, if node u is not marked, then [feo]so] ] w]eofex]oo] re]sre]efof o ] uefeofofruefsofer] - [su]re]usfeofso]
@ pointers to nodes v;, v;;1 at the same level
® that represent blocks B; and Bi+
® offset to the occurrence of B in B;B;. ® if |B,| is small enough, store text explicitly
leaves on last level store text explicitly
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Block Trees are LZ Compressed (1/2)
The number of blocks in any level > 0 in the block Let ¢ > 0 be a level in the block tree and
tree is at most 37z ® C = B,_B;B..1 a concatenation of three
consecutive blocks at level £ — 1
® O(72) blocks per level ® not containing the end of an LZ factor
® unmarked block requires O(lg n) bits of space ® thus a leftwards occurrence in T
® marked block requires O(7 Ig n) bits of space B;_; and Bi,+ can only be marked if 5; is marked

® B;is marked if it contains end of LZ factor

last level has O(7z) blocks with plain text

a O(lg, n) symbols of [lg n] bits
® requiring O(lg o) bits per block Each marked block results in 7 children

@ there are only z LZ factors

nlgo
slgn

® rounding up length adds < O(7) blocks per

level
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Block Trees are LZ Compressed (2/2)

Given a text T of length n over an alphabet of size o and integers s, 7 > 1, a block tree of T has height
h=lg. 29 The block tree requires

T slgn

I
O((s+ z7 lg, %) lg n) bits of space,

where z is the number of LZ77 factors of T

|
zign)

® s = zresults in a tree of height O(lg,,

® space requirements O(z7 lg, &2 |g n) bits

zlgn

® however z not known
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Access Queries in Block Trees
® queries are easy to realize ® example on the board £ -
& if not supported directly, additional information
can be stored for blocks EyiE

. PINGO can we answer rank queries the

same way?
Access Query 4

Given position i return T[i]
® follow nodes that represent block containing T[]
& of not marked follow pointer and consider offset
@ at leaf, if last level, return character
@ else, follow pointer and continue

u time O(lg, slgn)
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Rank Queries in Block Trees

u for each block add histogram Histg, for prefix of ® time O(lg, 262)
ol T slgn
T up to block (not containing)

® O(o(s + zrlg, MEL)Ig n) bits of space

slgo

Rank Query

Given position i and character « return rank, (T, i)
u follow nodes that represent block containing Ti]
remember Histg, [/

= example on the board £/

%‘E PINGO what can be problematic with block
tree construction?

.
@ of not marked follow pointer and consider offset
[

at leaf, if last level, compute local rank @ binary
rank for each character

else, follow pointer and continue
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Construction of Block Trees 7N
O(s + r) Working Space
& build Aho-Corasick automaton for containing all a replace Aho-Corasick automaton with
pairs of consecutive unmarked blocks Karp-Rabin fingerprints
& identify unmarked blocks on next level a validate if matching fingerprints due to matching
® O(n(1 + g, i)) time and O(n) space strings ® Monte Carlo algorithm

® O(n(1+ g, %)) expected time and O(n) space
only expected construction time!

@ sjze of block tree can be reduced further
® some blocks not necessary
® those blocks can easily be identified

queries very fast in practice

construction very slow in practice

good topic for thesis ©

space-efficient construction of block trees
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Relation Between BWT Runs and LZ Factors [KK20] (1/3)

LEl 1708 A i, tia 1 2 3 456 7 8 9 10111213
® r(T) is number of BWT runs of T T abab c a 5@l b oa &
® z(T)is number of LZ77 factors of T SA 13121 9 6 3 112 107 4 8 5

LCk 0 01 2 2 5 0 2 1 1 4 0 3

BW94 BWT a b $§ ¢ ¢c b b a a a a b b

Given a text T of length n and its suffix array SA, for

i €[1,n]the is

BT {T[SA[i] — 1] SAl] >0
$ SAlil=0
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Relation Between BWT Runs and LZ Factors (2/3)

Let T be a text of length n, then T[] = T[i%n]

Sm={S € X™: Sissubstring of T}

|Snm| < mz

= LCP]i] is irreducible if i = 1 or for irreducit?le LCPIi] € [¢,2¢) charge ¢
BWTI[i] # BWT[i — 1] characters in S3p

® number of irreducible LCP-values is r(T) each string is charged at most 2lg ntime

r(T) € O(z(T) Ig? n)

apply lemma for [2/, 2/+1) for i € [0, |Ig n]]
number of LCP[i] = 0 entriesis 0 < z

The number of irreducible LCP-Values in [£,2¢) is in
O(z¢lgn)
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Relation Between BWT Runs and LZ Factors (3/3) @

For any ¢ > 1, the number of distinct substrings of T
of length Zis < z¢

17118

® consider any substring of length £ > 1

® if substrings is contained in LZ factor, there is
previous occurrence

@ distinct substrings overlap LZ factors

® there are at most £ substring per end of LZ
factor
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® use number of distinct substrings

@ to show that the number of irreducible
LCP-values

® js limited as stated in lemma
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Conclusion and Outlook

This Lecture Linear Time Construction

® block trees ST SA WT
® rc O(zlg?n) —_— T J
Open Questions
Lz | LCP BWT
a efficient block tree construction -

® linear time block tree construction

Next Lecture FM-Index |
r-Index

& suffix array construction in different models of
computation
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